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HyperKa¨hler Contact Distribution in
3-Sasakain Manifolds
M. M. Rezaii, H. Attarchi and F. Babaei
Abstract. In this paper, the HyperKa¨hler contact distribution of a 3-
Sasakian manifold is studied. To analyze the curvature properties of this
distribution, the special metric connection ∇¯ is defined. This metric con-
nection is completely determined by HyperKa¨hler contact distribution.
We prove that HyperKa¨hler contact distribution is of constant holo-
morphic sectional curvatures if and only if its 3-Sasakian manifold is
of constant ϕα-sectional curvatures. Moreover, it is shown that there is
an interesting relation between the sectional curvatures of ϕα-planes on
TM of metric connection ∇¯ and the Levi-Civita connection.
Mathematics Subject Classification (2010). Primary 53C25; Secondary
53C26.
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1. Introduction
Historically Sasakian structures grew out of research in contact manifolds.
In 1960, Sasaki [14] introduced a geometric structure related to an almost
contact structure. This geometry became known as Sasakian geometry and
has been studied extensively ever since. In the 1960’s, the Sasakian structure
was studied extensively as an odd dimensional analogue of Ka¨hler spaces [18].
Afterwards, by developing the Ka¨hler structure to Quaternionic spaces
the concept of Quaternionic Ka¨hler and HyperKa¨hler manifolds were intro-
duced. HyperKa¨hler manifolds are special class of Ka¨hler manifolds. They
can be thought of as quaternionic analogues of Ka¨hler manifolds while a
quaternionic Ka¨hler manifold needs not to be a Ka¨hler one in general. In
recent years quaternionic Ka¨hler and HyperKa¨hler manifolds have received
a great deal of attention. They appear and play an important role in many
different areas of mathematics and mathematical physics [1, 4, 5, 7, 9]. The
3-Sasakian manifolds, which have a close relation to both HyperKa¨hler and
Quaternionic Ka¨hler manifolds, first appeared in a paper by Kuo in [11]. In
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1970 three more papers [12, 15, 17] were published in the Japanese literature
discussing Sasakian 3-structures. Later on, in 1973 Ishihara [8] had shown
that if the distribution formed by the three Killing vector fields which define
the 3-Sasakian structure is regular then the space of leaves is a quaternionic
Ka¨hler manifold.
We assume that (M,ϕα, η
α, ξα, g) is a 3-Sasakian manifold and H de-
notes the transverse distribution to the Riemannian foliation < ξ1, ξ2, ξ3 >
with respect to the metric g in the tangent bundle TM . The purpose of this
paper is to study the geometric properties of the distribution H as well as the
tangent bundle of a manifold such as curvature tensor, sectional curvature
and Ricci tensor. Moreover, we investigate the close relation of ϕα-sectional
curvatures of M and holomorphic sectional curvatures of H. We can refer
to [2] as an analogue work on Sasakian manifolds.
Aiming at our purpose, we organized this paper as follows. In section
2, we present some basic notations and definitions which are needed in the
following sections. In section 3, the new linear connection ∇¯ is introduced in
the terms of Levi-Civita connection. We show that it is a metric connection
and completely determined by H. Moreover, the ϕα structures are parallel
with respect to the new connection ∇¯ on H. In section 4, we present the
HyperKa¨hler properties of the distribution H and call it the HyperKa¨hler
contact distribution. In this section, the curvature and Ricci tensor of Hy-
perKa¨hler contact distribution H is defined with respect to the metric con-
nection ∇¯. Finally, in this section, we prove some theorems that show the
curvature properties of this distribution and its close geometric relation with
the 3-Sasakian manifold.
2. Preliminaries and Notations
LetM be a (2n+1)-dimensional smooth manifold. Then, the triple structure
(ϕ, η, ξ) on M , consisting of the (1, 1)-form ϕ, non-vanishing vector field ξ
and the 1-form η, is called an almost contact structure if
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1.
This structure will be called a contact structure if
η ∧ (dη)n 6= 0.
The manifold M2n+1 with the almost contact or contact structure (ϕ, η, ξ) is
called almost contact or contact manifold, respectively, and they are denoted
by (M,ϕ, η, ξ). There was proved that every almost contact manifolds admit
a compatible Riemannian metric in the following sense
η(X) = g(ξ,X), g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), (2.1)
for all X,Y ∈ Γ(TM). In case of contact metric manifolds, the fundamental
2-form Ω defined by
Ω(X,Y ) = g(X,ϕY ), ∀X,Y ∈ Γ(TM)
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coincides with dη.
Let ∇ be the Levi-Civita connection with respect to the metric g on the
contact manifold (M,ϕ, η, ξ, g). Then, the (almost) contact metric manifold
(M,ϕ, η, ξ, g) is a Sasakian manifold if
(∇Xϕ)Y = g(X,Y )ξ − η(Y )X.
If (M,ϕ, η, ξ, g) is a Sasakian manifold then the following equations are sat-
isfied
∇Xξ = −ϕX, R(X,Y )ξ = η(Y )X − η(X)Y,
R(ξ,X)Y = g(X,Y )ξ − η(Y )X, S(X, ξ) = 2nη(X),
(2.2)
where R and S are curvature tensor and Ricci curvature, respectively, given
by following formulas
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z, (2.3)
S(X,Y ) =
2n+1∑
i=1
R(Ei, X,Ei, Y ) :=
2n+1∑
i=1
g(R(Ei, X)Y,Ei), (2.4)
where Ei are orthonormal local vector fields on (M, g) [13, 16].
Let (M, g) be a smooth Riemannian manifold of dimension 4n+3. The
manifold (M, g) is called a 3-Sasakian manifold when it is endowed with three
Sasakian structures (M,ϕα, η
α, ξα, g) for α = 1, 2, 3, satisfying the following
relations
ϕθ = ϕβϕγ − η
γ ⊗ ξβ = −ϕγϕβ + η
β ⊗ ξγ ,
ξθ = ϕβξγ = −ϕγξβ , η
θ = ηβ ◦ ϕγ = −η
γ ◦ ϕβ ,
for all even permutation (β, γ, θ) of (1, 2, 3). For more details about the above
definitions see [3].
Let ξ be the distribution spanned by the three global vector fields <
ξ1, ξ2, ξ3 >. By means of ∇Xξα = −ϕαX for α = 1, 2, 3, one can prove the
integrability of ξ as follows
[ξα, ξβ ] = ∇ξαξβ −∇ξβξα = 2ξγ , (2.5)
for all even permutation (α, β, γ) of (1, 2, 3). Therefore, ξ defines a 3-dimensional
foliation on M . Moreover, the equations ∇ξαg = 0 for α = 1, 2, 3 show that
the foliation ξ is a Riemannian foliation. The transverse distribution of ξ with
respect to the metric g is denoted by H and it is given by H = ∩3α=1ker(η
α).
The distribution H is a 4n-dimensional distribution on M and it decomposes
the tangent bundle TM as follows
TM = H⊕ ξ.
In a 3-Sasakian manifold, the distribution H is never integrable and in the
sequel we call it 3-contact distribution.
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3. H-Connection of 3-Contact Distribution
Consider the foliation ξ and the distribution H on a 3-Sasakian manifold M .
We can choose a local coordinate system by means of foliated charts such
that
∀x ∈M x = (z1, z2, z3, x1, ..., x4n),
with ξ =< ∂
∂z1
, ∂
∂z2
, ∂
∂z3
>. This local frame is adapted to the foliation ξ and
one can make the local basis { δ
δx1
, ..., δ
δx4n
} of H orthogonal to ξ with respect
to the metric g from the basis { ∂
∂x1
, ..., ∂
∂x4n
} as follows
δ
δxi
=
∂
∂xi
− ηαi ξα, i = 1, ..., 4n α = 1, 2, 3
where ηαi = η
α( ∂
∂xi
). Consider local basis
{ξ1, ξ2, ξ3,
δ
δx1
, ...,
δ
δx4n
}, (3.1)
of TM , then the Riemannian metric g in this local basis will have the pre-
sentation as follows
g :=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 gij

 (3.2)
where gij = g(
δ
δxi
, δ
δxj
).
Now, we evaluate the Lie brackets of the local vector fields in (3.1).
First, by a direct calculation we obtain
[
δ
δxi
, ξα] = ξα(η
β
i )ξβ − η
β
i [ξβ , ξα], [
δ
δxi
,
δ
δxj
] =
(
δηαi
δxj
−
δηαj
δxi
)
ξα. (3.3)
Then, the Lie brackets of ξ1,ξ2 and ξ3 are given by (2.5). By means of
−ηβ([
δ
δxi
, ξα]) = 2dη
β(
δ
δxi
, ξα) = 2g(
δ
δxi
, ϕβ(ξα)) = 0,
and
Ωαij = Ω
α(
δ
δxi
,
δ
δxj
) = dηα(
δ
δxi
,
δ
δxj
) = −
1
2
ηα([
δ
δxi
,
δ
δxj
]),
the Eq. (3.3) will be appeared as follows
[
δ
δxi
, ξα] = 0, [
δ
δxi
,
δ
δxj
] =
(
∂ηαi
∂xi
−
∂ηαj
∂xi
)
ξα = −2Ω
α
ijξα. (3.4)
Now, we consider tensor fields hαβ given by
hαβ(X) =
1
2
(Lξαϕβ) (X),
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for α, β = 1, 2, 3. These tensor fields on the 3-Sasakianmanifold (M,ϕα, η
α, ξα, g)
have the following more explicit expressions
h11(X) = h22(X) = h33(X) = 0,
h12(X) = −h21(X) = ϕ3(X),
h31(X) = −h13(X) = ϕ2(X),
h23(X) = −h32(X) = ϕ1(X),
for all X ∈ ΓTM .
Theorem 3.1. The Levi-Civita connection ∇ of the Riemannian metric g on
the 3-Sasakian manifold (M,ϕα, η
α, ξα, g) has the following components with
respect to basis (3.1)
∇ δ
δxi
δ
δxj
= F kij
δ
δxk
− Ωαijξα,
∇ξα
δ
δxi
= ∇ δ
δxi
ξα = Ω
α
ijg
jk δ
δxk
,
∇ξ1ξ2 = −∇ξ2ξ1 = ξ3,
∇ξ3ξ1 = −∇ξ1ξ3 = ξ2,
∇ξ2ξ3 = −∇ξ3ξ2 = ξ1,
∇ξ1ξ1 = −∇ξ2ξ2 = ∇ξ3ξ3 = 0,
where
F kij =
gkh
2
{
δgih
δxj
+
δgjh
δxi
−
δgij
δxh
}
. (3.5)
Corollary 3.2. [4, 5] The foliation ξ is totally geodesic and the Riemannian
metric g is bundle-like for it.
Consider the Levi-Civita connection∇ the on 3-Sasakianmanifold (M, g).
Then, we define the linear connection ∇¯ by
∇¯XY = ∇XY − η
α(X)∇Y ξα − η
α(Y )∇Xξα + Ω
α(X,Y )ξα. (3.6)
By direct calculations using (3.1) and (3.6) we obtain the following theorem.
Theorem 3.3. locally, the linear connection ∇¯ is completely determined by
the formulas
∇¯ δ
δxi
δ
δxj
= F kij
δ
δxk
,
∇¯ξα
δ
δxi
= ∇¯ δ
δxi
ξα = 0,
∇¯ξαξβ = 0.
From Theorem 3.3 and (3.5), we conclude that ∇¯ is completely deter-
mined by Riemannian metric induced by the g on the 3-contact distribution
H. Moreover, it is easy to see that the 3-contact distribution H and foliation
ξ are parallel with respect to the linear connection ∇¯. For these reasons we
call ∇¯ the H-connection on the 3-Sasakian manifold M .
This is surprising and interesting that the connection ∇¯ presented in (3.6)
coincides with the connection ∇˜ defined in [6]. In the following Lemma, we
prove this equality
Lemma 3.4. Let (M, g) be a Riemannian manifold with a 3-Sasakian struc-
ture. Then, the connection ∇¯ presented in (3.6) coincides with the connection
∇˜ defined in [6].
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Proof. By the definition of ∇˜ in [6] and using the local frame (3.1), we obtain
∇˜ δ
δxi
δ
δxj
= (∇ δ
δxi
δ
δxj
)h = F kij
δ
δxk
= ∇¯ δ
δxi
δ
δxj
,
∇˜ξα
δ
δxi
= [ξα,
δ
δxi
] = 0 = ∇¯ξα
δ
δxi
,
∇˜ δ
δxi
ξα = ∇˜ξβ ξα = 0 = ∇¯ δ
δxi
ξα = ∇¯ξβ ξα,
where (∇ δ
δxi
δ
δxj
)h denotes the restricted component of the Levi-Civita con-
nection ∇ on 3-contact distribution H. 
From which, one can find the metrizability of ∇¯ and some more infor-
mation about its torsion and curvature in [6]. However, we present the local
expression of its torsion and curvature with respect to the frame (3.1) as
follows 

T∇¯(
δ
δxi
, δ
δxj
) = 2Ωαijξα,
T∇¯(
δ
δxi
, ξα) = 0,
T∇¯(ξα, ξβ) = −T∇¯(ξβ , ξα) = −2ξγ ,
(3.7)
for all even permutations (α, β, γ) of (1, 2, 3).

R¯( δ
δxi
, δ
δxj
) δ
δxk
= R¯hijk
δ
δxh
,
R¯( δ
δxi
, ξα)
δ
δxj
= −ξα(F
k
ij)
δ
δxk
,
R¯(ξα, ξβ)
δ
δxi
= 0,
R¯(X,Y )ξα = 0,
(3.8)
where X,Y ∈ Γ(TM) and
R¯hijk =
δFhij
δxk
−
δFhik
δxj
+ F tijF
h
tk − F
t
ikF
h
tj . (3.9)
Moreover, the Lie brackets of vector fields onM in terms of the H-connection
have the following expression
[X,Y ] = ∇¯XY − ∇¯YX − 2Ω
α(X,Y )ξα, (3.10)
for any X,Y ∈ ΓTM .
Theorem 3.5. Consider the linear connection ∇¯ given by (3.6) on 3-Sasakian
manifold (M,ϕα, η
α, ξα, g) for α = 1, 2, 3. Then, the following equation is
satisfied
(∇¯Xϕα)Y = 0, ∀α = 1, 2, 3
where X,Y ∈ ΓH.
Proof. To complete the proof, we need to evaluate (∇¯ δ
δxi
ϕα)
δ
δxj
. Using (3.6),
we obtain
(∇¯ δ
δxi
ϕα)
δ
δxj
= ∇¯ δ
δxi
ϕα(
δ
δxj
)− ϕα(∇¯ δ
δxi
δ
δxj
)
= ∇ δ
δxi
ϕα(
δ
δxj
) + Ωβ(
δ
δxi
, ϕα(
δ
δxj
))ξβ − ϕα(∇ δ
δxi
δ
δxj
+Ωβ(
δ
δxi
,
δ
δxj
)ξβ)
= (∇ δ
δxi
ϕα)
δ
δxj
+Ωβ(
δ
δxi
, ϕα(
δ
δxj
))ξβ − Ω
β(
δ
δxi
,
δ
δxj
)ϕα(ξβ)
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= g(
δ
δxi
,
δ
δxj
)ξα + g(
δ
δxi
, ϕ1ϕα(
δ
δxj
))ξ1 − g(
δ
δxi
, ϕ1(
δ
δxj
))ϕα(ξ1)
+g(
δ
δxi
, ϕ2ϕα(
δ
δxj
))ξ2 − g(
δ
δxi
, ϕ2(
δ
δxj
))ϕα(ξ2)
+g(
δ
δxi
, ϕ3ϕα(
δ
δxj
))ξ3 − g(
δ
δxi
, ϕ3(
δ
δxj
))ϕα(ξ3)
It is easy to check the last equation is vanish for all α = 1, 2, 3. 
4. HyperKa¨hler Contact Distribution and its Holomorphic
Sectional Curvatures
If we restrict metric g and ϕα for α = 1, 2, 3 to the 3-contact distribution
H, then H can be considered as an almost Hyper-Hermitian vector bundle.
Moreover, ϕα for α = 1, 2, 3 are parallel with respect to the metric connection
∇¯ on H. Therefore,H carries an analogue HyperKa¨hler structure and we call
it a HyperKa¨hler contact distribution. The close relation of HyperKa¨hler and
3-Sasakian manifolds suggests this name as well.
To study the curvature tensor of 3-contact distribution H, we present some
properties of this tensor. By Corollary 3.2, it is deduced that gij are functions
of (xi) for i = 1, ..., 4n (i.e. ξα(gij) = 0 for all α = 1, 2, 3). Using this fact and
[ δ
δxi
, ξα] = 0, one can check that ξα(F
k
ij) = 0 and therefore the equations (3.8)
and (3.9) become{
R¯( δ
δxi
, δ
δxj
) δ
δxk
= R¯hijk
δ
δxh
,
R¯( δ
δxi
, ξα)
δ
δxj
= R¯(ξα, ξβ)
δ
δxi
= R¯(X,Y )ξα = 0,
(4.1)
where X,Y ∈ Γ(TM) and
R¯hijk =
∂Fhij
∂xk
−
∂Fhik
∂xj
+ F tijF
h
tk − F
t
ikF
h
tj . (4.2)
The equations (4.1) and (4.2) show that R¯ just depends on H. Therefore, we
put
R¯(X,Y, Z,W ) = g(R¯(X,Y )W,Z), ∀X,Y, Z,W ∈ ΓH, (4.3)
and we call it the curvature tensor field of (H, g|H).
Lemma 4.1. The curvature tensor field R¯ of the HyperKa¨hler contact distri-
bution H satisfies the identities:
1. R¯(X,Y, Z, U) = −R¯(Y,X,Z, U) = −R¯(X,Y, U, Z),
2. R¯(X,Y, U, Z) + R¯(Y, Z, U,X) + R¯(Z,X,U, Y ) = 0,
3. R¯(X,Y, Z, U) = R¯(Z,U,X, Y ),
4. R¯(X,Y, ϕαZ,ϕαU) = R¯(X,Y, Z, U) = R¯(ϕαX,ϕαY, Z, U),
(4.4)
for any X,Y, Z, U ∈ ΓH.
Proof. The first equality in 1 is a general property of curvature tensor of any
linear connection. The next equality of 1 is a consequence of the fact that ∇¯
8 Rezaii, H. Attarchi and F. Babaei
is a metric connection. To prove 2, we use the Eq. (3.10) in a straightforward
calculation as follows
R¯(X,Y )Z + R¯(Y, Z)X + R¯(Z,X)Y = ∇¯X∇¯Y Z − ∇¯Y ∇¯XZ − ∇¯[X,Y ]Z
+∇¯Y ∇¯ZX − ∇¯Z∇¯YX − ∇¯[Y,Z]X + ∇¯Z∇¯XY − ∇¯X∇¯ZY − ∇¯[Z,X]Y
= [X, [Y, Z]] + 2(Ωα(X, [Y, Z]) + Ωα(∇¯XY, Z) + Ω
α(Y, ∇¯XZ))ξα
+[Y, [Z,X ]] + 2(Ωα(Y, [Z,X ]) + Ωα(∇¯Y Z,X) + Ω
α(Z, ∇¯YX))ξα
+[Z, [X,Y ]] + 2(Ωα(Z, [X,Y ]) + Ωα(∇¯ZX,Y ) + Ω
α(X, ∇¯ZY ))ξα = 0.
Then, by Lemma 3.1 in [18] on page 32 the item 3 is obtained. Finally, taking
into account that ϕα are parallel with respect to ∇¯ on H, the first equality
of 4 is obtained. The next equality is achieved by means of the first one and
item 3. 
First we have R¯(X,Y )Z in term of R(X,Y )Z, for all X,Y, Z ∈ Γ(TM),
as follows
∇¯X∇¯Y Z = ∇X∇Y Z
+ηα(X)ϕα(∇Y Z) + η
α(Y )ϕα(∇XZ) + η
α(Z)ϕα(∇XY )
+ηα(∇Y Z)ϕα(X) + η
α(∇XZ)ϕα(Y ) + η
α(∇XY )ϕα(Z)
+Ωα(X,∇Y Z)ξα +Ω
α(Y,∇XZ)ξα +Ω
α(∇XY, Z)ξα
− (Ωα(Y,X)ϕα(Z) + Ω
α(Z,X)ϕα(Y ))
+ηα(Y )ηβ(X)ϕβϕα(Z) + η
α(Z)ηβ(X)ϕβϕα(Y )
−2
∑3
α=1 η
α(Y )ηα(Z)X + 2ηα(Y )g(X,Z)ξα
+ηα(Y )Ωβ(X,ϕα(Z))ξβ + η
α(Z)Ωβ(X,ϕα(Y ))ξβ
+ηα(Y )ηβ(ϕα(Z))ϕβ(X) + η
α(Z)ηβ(ϕα(Y ))ϕβ(X),
(4.5)
and
∇¯[X,Y ]Z = ∇[X,Y ]Z
+ηα([X,Y ])ϕα(Z) + η
α(Z)ϕα([X,Y ]) + Ω
α([X,Y ], Z)ξα.
(4.6)
Therefore,
R¯(X,Y )Z = R(X,Y )Z
−2Ωα(Y,X)ϕα(Z)− Ω
α(Z,X)ϕα(Y ) + Ω
α(Z, Y )ϕα(X)
+
∑3
α=1(η
α(X)ηα(Z)Y − ηα(Y )ηα(Z)X)
−ηα(Z)ηβ(Y )ϕβϕα(X) + η
α(Z)ηβ(X)ϕβϕα(Y )
+2ηα(Y )ηβ(X)ϕβϕα(Z) + 2η
α(Z)Ωβ(X,ϕα(Y ))ξβ
−ηα(X)Ωβ(Y, ϕα(Z))ξβ + η
α(Y )Ωβ(X,ϕα(Z))ξβ
+ηα(Y )ηβ(ϕα(Z))ϕβ(X) + η
α(Z)ηβ(ϕα(Y ))ϕβ(X)
−ηα(X)ηβ(ϕα(Z))ϕβ(Y )− η
α(Z)ηβ(ϕα(X))ϕβ(Y )
+ηα(Y )g(X,Z)ξα − η
α(X)g(Y, Z)ξα,
(4.7)
where the Einstein notation is used for repeated indices α and β on their
range in case of α 6= β.
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Corollary 4.2. LetM be a 3-Sasakian manifold and (H, g|H) the HyperKa¨hler
contact distribution on M . Then the following holds for each vector field
X ∈ ΓH
R¯(X,ϕ1X,ϕ2X,ϕ3X) = R(X,ϕ1X,ϕ2X,ϕ3X).
The Ricci tensor S¯ of the HyperKa¨hler contact distributionH is defined
by
S¯(X,Y ) =
4n∑
i=1
R¯(vi, X, vi, Y ) ∀X,Y ∈ ΓH, (4.8)
where {v1, ..., v4n} is an orthonormal local basis of vectors in ΓH. Then, the
local components of Ricci tensor S¯ are given by
S¯ij = S¯(
δ
δxi
,
δ
δxj
) = Rkkij . (4.9)
Lemma 4.3. Let M be a connected 3-Sasakian manifold of dimension 4n+3,
with n > 1. Then, the Ricci tensor S¯ of the HyperKa¨hler contact distribution
H satisfies
S¯(X,Y ) = (4n+ 8)g(X,Y ) ∀X,Y ∈ ΓH.
Proof. In [10], it was proved that 3-Sasakian manifolds are Einstein spaces
and their Ricci tensor fields with respect to the Levi-Civita connection are
given by
S(X,Y ) = (4n+ 2)g(X,Y ) ∀X,Y ∈ ΓTM,
where dim(M) = 4n+ 3.
If {v1, ..., v4n} is an orthonormal local basis of H then {ξ1, ξ2, ξ3, v1, ..., v4n}
will be an unitary orthogonal local basis of TM , and vice versa. Using (2.2), (4.7)
and (4.8), for all X,Y ∈ ΓH, we obtain
S¯(X,Y ) =
4n∑
i=1
g(R¯(vi, X)Y, vi) =
4n∑
i=1
g(R(vi, X)Y, vi)
−3
3∑
α=1
4n∑
i=1
g(X,ϕαvi)g(ϕαY, vi) = S(X,Y )−
3∑
α=1
g(R(ξα, X)Y, ξα)+9g(X,Y )
= (4n+ 2)g(X,Y )− 3g(X,Y ) + 9g(X,Y ) = (4n+ 8)g(X,Y ).

The sectional curvature K of Levi-Civita connection ∇ for the plane Π
spanned by {X,Y } at a point is given by
K(Π) = K(X,Y ) = −
R(X,Y,X, Y )
g(X,X)g(Y, Y )− g2(X,Y )
.
It is easy to check that K(Π) is independent of choosing the vector fields X
and Y spanned Π.
The holomorphic sectional curvatures of the HyperKa¨hler contact distribu-
tion H are defined by
Hα(X) = R¯(X,ϕαX,X,ϕαX) ∀α = 1, 2, 3
where X ∈ ΓH has unit length at any point with respect to the metric g.
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Definition 4.4. Let M be a 3-Sasakian manifold. The plane Π is called a
ϕα-plane, whenever for any X ∈ Π, the sections X and ϕαX span Π.
Theorem 4.5. Let M be a 3-Sasakian manifold of dimension 4n + 3, with
n > 1. If only one of the holomorphic sectional curvatures of the HyperKa¨hler
contact distribution H does not depend on the respective ϕα-plane {X,ϕαX},
then all holomorphic sectional curvatures are constant on M . Moreover, this
constant value is equal to 4n+8
n−2 .
Proof. First, without losing the generality, suppose that the holomorphic
sectional curvature H1 of H is independent of the {X,ϕ1X}-plane and it is
given by H1(Π) = h where h is a function on M . Now, let
R0(X,Y, Z, U) =
1
4 (g(X,Z)g(Y, U)− g(X,U)g(Y, Z)
+
∑3
α=1 g(X,ϕαZ)g(Y, ϕαU)−
∑3
α=1 g(X,ϕαU)g(Y, ϕαZ)
+2
∑3
α=1 g(X,ϕαY )g(Z,ϕαU)) ∀X,Y, Z, U ∈ ΓH.
(4.10)
It is easy to check that R0 satisfied (4.4). Moreover,
R0(X,ϕαX,X,ϕαX) = 1, α = 1, 2, 3 (4.11)
for all unitary vector field X ∈ ΓH. Therefore, we obtain
R¯(X,ϕ1X,X,ϕ1X) = hR0(X,ϕ1X,X,ϕ1X), ∀X ∈ ΓH.
By lemma 4.1 on page 132 of [18], the following are obtained
R¯(X,Y, Z, U) = hR0(X,Y, Z, U), ∀X,Y, Z, U ∈ ΓH. (4.12)
Now, by calculating the Ricci tensor of R0 and using lemma 4.3 we obtain
(4n+ 8)g(X,Y ) = S¯(X,Y ) = h
4n∑
i=1
R0(vi, X, vi, Y )
=
h
4
(4ng(X,Y )− g(X,Y ) +
3∑
α=1
g(X,Y ) + 2
3∑
α=1
g(X,Y )) = h(n− 2)g(X,Y )
Therefore,
h =
4n+ 8
n− 2
. (4.13)
From (4.11)–(4.13), we conclude that
Hα(X) = R¯(X,ϕαX,X,ϕαX) = hR0(X,ϕαX,X,ϕαX) =
4n+ 8
n− 2
,
where α = 1, 2, 3 and X is an unitary vector field in H. This completes the
proof. 
In theorem 4.5, it is proved that if a holomorphic sectional curvature
of H is constant then all of them are constant and equal. In this case, we
call H a HyperKa¨hler contact distribution of constant holomorphic sectional
curvature. By means of this definition and theorem 4.5 the following corollary
is obtained
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Corollary 4.6. Let M be a 3-Sasakian manifold of dimension 4n+3, with n >
1. Then the HyperKa¨hler contact distribution H is of constant holomorphic
sectional curvature 4n+8
n−2 if and only if its curvature tensor field R¯ on H is
given by
R¯(X,Y )Z =
k
4
(g(Y, Z)X − g(X,Z)Y +
3∑
α=1
g(ϕαY, Z)ϕαX
−
3∑
α=1
g(ϕαX,Z)ϕαY + 2
3∑
α=1
g(X,ϕαY )ϕαZ) ∀X,Y, Z ∈ ΓH.
Theorem 4.7. Let M be a 3-Sasakian manifold with HyperKa¨hler contact
distribution H. Then H is of constant holomorphic sectional curvature k if
and only if any ϕα-sectional curvature of M for a ϕα-plane {X,ϕαX}, where
X ∈ ΓH, is constant k − 3 for α = 1, 2, 3.
Proof. It is a straightforward consequence of (4.7). 
Up to now, we use metric connection ∇¯ on HyperKa¨hler contact dis-
tribution H to define the curvature tensor, holomorphic sectional curvatures
and Ricci tensor of this distribution. Moreover, in some theorems, we present
them in terms of curvature tensor, ϕα-sectional curvatures and Ricci tensor
of Levi-Civita connection on H, respectively. In the next theorem, we study
the sectional curvatures of these two connections on M .
Theorem 4.8. Let Π be the ϕα-plane at a point of a 3-Sasakian manifold M .
Then, the sectional curvatures of Π with respect to the ∇ and ∇¯ are related
as follows
K¯(Π) = K(Π) + 3 + 4
(
ηβ(X)ηγ(X)
)2
+6
(
(ηβ(X))4 + (ηγ(X))4
)
− 8
(
(ηβ(X))2 + (ηγ(X))2
)
,
where X is a unit vector in the ϕα-plane Π and (α, β, γ) is an arbitrary
permutation of (1, 2, 3).
Proof. Without losing the generality, we prove these theorem for α = 1.
Consider the α1-plane Π and unit vector X ∈ Π, then by using (4.7), we
obtain
K¯(Π) = R¯(X,ϕ1X,X,ϕ1X) = R(X,ϕ1X,X,ϕ1X)
−(2 + 1)Ωβ(ϕ1X,X)g(ϕβϕ1X,X) + Ω
β(ϕ1X,ϕ1X)g(ϕβX,X)
+
3∑
β=1
(
ηβ(X)ηβ(ϕ1X)g(ϕ1X,X)− η
β(ϕ1X)η
β(ϕ1X)g(X,X)
)
−ηβ(ϕ1X)η
γ(ϕ1X)g(ϕγϕβX,X) + (1 + 2)η
β(ϕ1X)η
γ(X)g(ϕγϕβϕ1X,X)
+(1 + 1)ηβ(ϕ1X)η
γ(ϕβϕ1X)g(ϕγX,X)− η
β(X)ηγ(ϕβϕ1X)g(ϕγϕ1X,X)
−ηβ(ϕ1X)η
γ(ϕβX)g(ϕγϕ1X,X) + η
β(ϕ1X)g(X,ϕ1X)g(ξβ , X)
−ηβ(X)g(ϕ1X,ϕ1X)g(ξβ , X) + (2 + 1)η
β(ϕ1X)Ω
γ(X,ϕβϕ1X)g(ξγ , X)
−ηβ(X)Ωγ(ϕ1X,ϕβϕ1X)g(ξγ , X) = K(Π) + 3 + 4
(
ηβ(X)ηγ(X)
)2
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+6
(
(ηβ(X))4 + (ηγ(X))4
)
− 8
(
(ηβ(X))2 + (ηγ(X))2
)
.
This completes the proof. 
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